Honeycomb structure has a natural extension to the three dimensions. Simple examples are hyperhoneycomb and stripy-honeycomb lattices, which are realized in β-Li2IrO3 and γ-Li2IrO3, respectively. We propose a wide class of three-dimensional (3D) honeycomb lattices which are loop-nodal semimetals. Their edge states have intriguing properties similar to the two-dimensional honeycomb lattice in spite of dimensional difference. Partial flat bands emerge at the zigzag or beard edge of the 3D honeycomb lattice, whose boundary is given by the Fermi loop in the bulk spectrum. Analytic solutions are explicitly constructed for them. On the other hand, perfect flat bands emerge in the zigzag-beard edge or when the anisotropy is large. All these 3D honeycomb lattices become strong topological insulators with the inclusion of the spin-orbit interaction. Furthermore, point-nodal semimetals may be realized in the presence of both the antiferromagnetic order and the spin-orbit interaction.
Honeycomb lattice is materialized naturally in graphene and in related materials, which presents one of the most active fields of condensed matter physics. The Fermi surface is zero dimensional, given by the K and K points, though in general the dimension of the Fermi surface is D −1 for the Ddimensional system. It may be called a point-nodal semimetal with the Dirac cone. A nanoribbon made of honeycomb lattice has interesting properties such as zero-energy flat bands connecting the K and K points [1] [2] [3] . Perfect flat bands are generated when the K and K points are shifted and merged by introducing anisotropy in the hopping [4] [5] [6] , which is realized in phosphorene 7 . A natural question is whether there are similar properties in the three dimensions.
Honeycomb structure has a natural extension to the three dimensions. Examples are hyperhoneycomb [8] [9] [10] and stripyhoneycomb 10 lattices, being realized in β-Li 2 IrO 3 and γ-Li 2 IrO 3 , respectively. A series of three-dimensional (3D) honeycomb lattices named harmonic honeycomb lattices 10 have also been proposed. They attracts much attention [11] [12] [13] [14] [15] [16] [17] [18] recently. It has been argued 11, 13 that the hyperhoneycomb lattice is a loop-nodal semimetal where the Fermi surface forms a loop (which we call a Fermi loop). Furthermore, the system becomes a topological insulator by introducing a spin-orbit interaction 11 (SOI). Various antiferromagnetic order is reported in the hyperhoneycomb lattice 12, 15, 16, 19 . Similar Fermi loops have been predicted in other systems [20] [21] [22] [23] based on first-principles calculation.
In this Letter, we propose a wide class of 3D honeycomb lattices which are loop-nodal semimetals. We first analyze the edge states of nanofilms made of them. Flat-band edge states emerge at the zigzag or beard edge termination, which are reminiscence of the edge states of the honeycomb system. We derive an analytic form of the wave function by the recursion method. The boundary of the zero-energy states is given by the Fermi loop in the bulk spectrum. It is shown that the perfect flat band is generated over the whole region of the Brillouin zone by two methods: One is terminating the sample with the zigzag and beard edges; The other is increasing the anisotropy, where the Fermi loop shrinks and disappears. All these 3D honeycomb lattices become strong topological insulators in the presence of the spin-orbit interaction. Furthermore, a point-nodal semimetal may be generated together with a Dirac cone in the additional presence of the antiferro- magnetic order. Lattice structure and model: Honeycomb lattice is a bipartite system. The unit cell contains two vertices (atoms) and five links (bonds) making the angle 2π/3 between the neighboring ones with certain links being identified on one plane. We prepare two sets placed on the xz plane and the yz plane, and refer to them as the building blocks [x] and [y], respectively: See illustration in Fig.1(a) and (b). We propose a class of 3D honeycomb lattices by sewing these two building blocks in such a way that all atoms in one unit cell are connected with a single path tending to the z direction [ Fig.1(c [x] . In general, the unit cell containing N building blocks is represented by [α 1 α 2 · · · α N ], where α n = x or y. There exist the cyclic symmetry; namely, two unit cells
The simplest 3D honeycomb lattice is generated by the unit cell [xy], which has been named the hyperhoneycomb lattice. The next simplest one is [xxy] . Then, we have [xxyy], which generates the stripy-honeycomb lattice. The type of lattices with the unit cell [x · · · xy · · · y] in sequential order of x and y has been named the harmonic honeycomb lattice when the numbers of x's and y's are equal.
Loop-nodal semimetal: We consider a free-electron system hopping on the 3D honeycomb lattice whose unit is arXiv:1511.03336v1 [cond-mat.mes-hall] 10 Nov 2015
c j , where t ij = t z for the nearest neighbor hopping along the z axis and t ij = t xy for the other nearest-neighbor hopping and c i (c † i ) is the annihilation (creation) operator of the electron at the site i. In the momentum representation it is given by the 2N × 2N matrix 11 ,
z and all other elements being zero, where
with α = x, y. The energy spectrum is determined by det (λI − H) = 0. Especially, the zero-energy states are solutions of det H = 0, which is calculated as
The solution is given by k z = 0 and
where
It represents a loop in the momentum space [ Fig.2(a) ]. Hence, all 3D honeycomb lattices in this class are loop-nodal semimetals. It follows that the Fermi surface exists only for |t xy /t z | > 1/2, as agrees with the previous result for the case of the hyperhoneycomb lattice 11, 13 with t xy = t z . We may illustrate the equi-energy surface of the hyperhoneycomb lattice in the momentum space for a typical value of E in Fig.2(b) . It shows a toroidal Fermi surface around the Γ point (k = 0). It shrinks to a 1D circle forming a Fermi loop at the half filling with E = 0.
Analytic wave function of the zero-energy edge states: We first analyze the edge states of the 3D honeycomb lattice, whose edge is taken at z = 0. The momentum k x and k y remain to be good quantum numbers. The wave function is constructed analytically with the aid of the recursive method as in the case of the honeycomb system 24 . We define the wave function ψ i for the i-th sites counting from the bottom of the sample.
The wave functions of the zero-energy states must satisfy Hψ = 0, which is explicitly given by
for the odd sites of the zigzag (S + ) and beard (S − ) edges, and ψ 2n = 0 for the even sites. The wave function can be solved recursively as
for the zigzag (+) and beard (−) edges. For the zero-energy state, the wave function must take the maximum value at the outermost edge sites and its absolute value must decrease as the site index i increases. Otherwise, the wave function diverges inside the bulk and we cannot normalize it. This condition is given by
for the zigzag edge (<) and for the beard edge (>). Accordingly, the zero-energy states emerge in the region whose boundary is the Fermi loop (3) in the bulk spectrum. It follows from (5) that ψ 1 = 1 and ψ i = 0 for i ≥ 2 at the M point (k x = k y = π/ √ 3) for the zigzag edge, which represents the perfectly localized state corresponding to the perfectly localized state at the zigzag edge of the honeycomb lattice. Contrary to the zigzag edge states, there is no perfectly localized edge state in the beard edge states.
We proceed to consider a nanofilm where the width along the z direction is finite. Both of the zigzag and beard edge terminations are possible depending on the position of the edges. For definiteness, we show the band structure of a nanofilm made of the hyperhoneycomb lattice in Fig.3 . Flat bands emerge in the band structure, which are reminiscence of flat bands in the zigzag and beard edges in the honeycomb lattice. When the one edge is terminated by the zigzag edge and the other edge is terminated by the beard edge, the perfect flat bands emerge over the whole Brillouin zone [ Fig.3(b) ].
Anisotropic 3D honeycomb lattice: We next investigate how the edge states are modified by changing the transfer energy t z and t xy . The ratio t xy /t z can be tuned by applying uni-axial pressure. We show the band structure with (a) the zigzag-zigzag edges, (b) the zigzag-beard edges, and (c) the beard-beard edges in Fig.3 for typical values of t xy and t z .
The flat band region shrinks as the t z /t xy increases and disappears for |t z /t xy | > 2 for the beard-beard edge [ Fig.3(a) ]. It is natural since there is no solution of k x and k y for |t z /t xy | > 2 in eq.(6) with <. On the contrary, the flat band region expands as t z /t xy increases and the whole region of the Brillouin zone becomes the perfect flat band for |t z /t xy | > 2 for the zigzag-zigzag edge [ Fig.3(b) ]. This can be understood (b2),(c2) The perfect flat bands appear for |tz| > 2|txy| irrespective to the type of edge termination. We have set txy = 1, V = 0, λxy = λz = 0. We have also set tz = 1 for (a1), (b1), (c1) (isotropic), and tz = 2.5 for (a2), (b2), (c2).
that the condition (6) with > is satisfied irrespective of the values of k x and k y for |t z /t xy | > 2. These feature are reminiscence of the anisotropic 2D honeycomb lattice [4] [5] [6] , where there are two different transfer energies t 1 and t 2 . There are K and K points in the honeycomb lattice when t 1 = t 2 . These K and K points move by changing the ratio of the transfer energies t 2 /t 1 . When |t 2 /t 1 | > 2 they merges resulting in an insulator, where the band dispersion is highly anisotropic. Phosphorene, monolayer black phosphorus, is understood in this picture 7 . We have so far used the instance of the hyperhoneycomb lattices for illustration. Here we show the band structures of nanofilms made of various 3D honeycomb lattices in Fig.4 . We find that the flat-band zero-energy edge states emerge in the same region of the hyperhoneycomb lattice although the high-energy band structure is different. We note that the band structure along the k x and k y directions are inequivalent for the 3D honeycomb lattice with N x = N y .
Spin-orbit interaction: It has been shown for the hyperhoneycomb system 11 that the system turns into a strong topological insulator in the presence of the SOI. The Kane-Mele type spin-orbit interaction is given by 11, 25, 26 
|r ik ×r kj | ,where v KM is the strength of the spinorbit interaction. We assume v KM = λ z for the z-direction and v KM = λ xy for the in-plane direction. We show how the flat-band edge states change by introducing the spin-orbit interaction. The resultant edge states are shown in Fig.5 . The flat-band edge states are bent by the SOI and turn into the topological edge states. For example, the edge states are well described by the tetragonal-warped Dirac cone for the beardbeard edges. On the other hand, the shapes of the topological edge states are much different from the Dirac spectrum for the zigzag-zigzag and zigzag-beard edges.
Effective model: There are two bands near the Fermi energy for each spin. It is possible to solve these eigenstates ψ ± explicitly as H 2N ψ ± = ±(2t xy − t z )ψ ± with ψ ± = (±1, −1, ∓1, 1, · · · ) when N is even. We derive the effective 4-band model with the SOI in order to describe the physics near the Fermi energy. By evaluating ψ † ± Hψ ± , we obtain the effective 4-band theory,
with α = x, y, and W = V +V AF ·σ. Here we have additionally included the staggered potential V and the antiferromagnetic staggered potential V AF between the two sublattices in the bipartite system [ Fig.1 ]. The Z 2 index: We calculate the Z 2 index for V = |V AF | = 0. There are the time-reversal symmetry and the inversion symmetry for V = |V AF | = 0. The inversion symmetry operator is given by P = τ z with P H eff (k)P −1 = H(−k). Then the Z 2 index ν (= 0, 1) is given by the product of the parity of d 1 at the 8 high-symmetry points Γ i : ( √ 3k x , √ 3k y , k z ) = (0, 0, 0), (2π, 0, 0), (0, 2π, 0), (π, π, 0), (0, 0, 2π), (π, 0, 2π), (0, π, π) and (π, π, 2π). The index ν is explicitly obtained as
It follows that ν = 1 for 2|t xy | > |t z | and ν = 0 otherwise. Consequently, the system becomes a strong insulator when the SOI is included to the loop-nodal semimetal. Dirac Semimetal: We expand the Hamiltonian around the Γ point as
where v = 3t xy /8, u = t z + t xy , m = 2t xy − t z and Λ = √ 3(λ z +λ xy ). The energy spectrum is easily calculable, from 
where g x = 2 √ mv sin θτ z + Λσ y τ x , g y = 2 √ mv cos θτ z + Λσ x τ x , and g z = −uτ y are constant 4 × 4 matrices.
We have systematically constructed a wide class of the 3D honeycomb lattices indexed by [α 1 α 2 · · · α N ]. All of them are loop-nodal semimetals. Perfect flat bands will lead to the flat band ferromagnetism when the Coulomb interaction is included. With the SOI, they become strong topological insulators. It is intriguing that, with an additional AF order, point-nodal semimetals with Dirac cones are generated in the 3D space. Various 3D honeycomb lattices will be realized in the Li 2 IrO 3 system since the building block of the 3D honeycomb lattice is naturally realized by the octahedron of the Ir network 10 .
Our results will open a new physics of the honeycomb system in the three dimensions.
